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Abstract
Despite the great success of the standard model of cosmology, called ΛCDM (Lambda Cold Dark Matter) model, there
are many open questions and problems associated with it. For example, this model is formulated in a space-time with
positive curvature (de Sitter space-time), while gravity can probably only connected to quantum field theories in a
space-time with negative curvature (Anti-de Sitter space-time). Moreover, the cosmological vacuum energy density is
of the same order of magnitude as the matter energy density (coincidence problem) and shows a large discrepancy to
the vacuum energy density of quantum field theories (cosmological constant problem). Also, it has recently been agreed
that there is a tension between the early and late universe.
As a minimum requirement for an alternative model, it should have a clear physical origin and keep the observational
quality of the ΛCDM model. These conditions apply to the well-known brane world cosmology. However, to be an
alternative, the quadratical energy density of this model requires an undesirable fine tuning.
The paper develops a new brane world model which is formulated in an Anti-de Sitter (AdS) universe and avoids
the quadratical energy density by using a holographic renormalisation. The renormalised quasilocal energy-momentum
tensor is applied for space-time and matter as originally proposed by Brown and York (1993) and not as the expectation
value of the energy-momentum tensor in the conformal field theory (CFT). On the AdS boundary it is demonstrated
that this brane model equals an effective de Sitter ΛCDM model, whereas the brane model near the AdS boundary
agrees to the ΛCDM model except the earliest times. Finally, it is shown that the coincidence problem is avoided and
the cosmological constant problem, if not solved, is greatly reduced.
Keywords: Cosmology: theory, dark energy, cosmological parameters, observations.
1. Introduction
One of the key open problems in physics is the scale
difference of 121 orders of magnitude between the energy
density of an empty universe and the vacuum energy den-
sity of quantum field theory (cosmological constant prob-
lem). Since both energy densities can also be expressed as
cosmological constants, a reasonable approach is to con-
sider the cosmological constant in Einstein’s field equation
as a time-dependent cosmological term (see for example
Henke (2018c,b,a) and the references therein). Although
the cosmological constant problem can be solved with some
of these approaches and there are numerous reasons why
such scenarios are considered in the literature (cf. Over-
duin and Cooperstock (1998)), these approaches have an
unknown origin and are very artificial modifications of Ein-
stein’s field equation. In contrast to this, the origin of the
so-called brane cosmology is obvious and results from the
restriction of a higher-dimensional space-time to the four
dimensional brane. Appropriate brane models are gener-
ally based on negative cosmological constants (see Brax
Email address: henke@math.tu-clausthal.de (Christian
Henke)
et al. (2004)), but their prediction quality must be at least
comparable to the ΛCDM model, which works with a pos-
itive cosmological constant. This apparent contradiction
can be resolved with a brane model that is restricted to a
low energy range, which is caused by a quadratical energy
density.
The novelty of this work is to present an Anti-de Sitter
(AdS) brane model that avoids the quadratical energy den-
sity and the related problems by an application of the holo-
graphic renormalisation. This renormalisation process re-
duces the boundary stress tensor and therefore the density
to a finite energy scale (cf. Balasubramanian and Kraus
(1999); Natsuume (2015)). Moreover, it is demonstrated
that the brane model under consideration can describe
cosmological observations at least as well as the ΛCDM
model, avoids the coincidence problem and greatly reduces
the cosmological constant problem.
Due to the last points, one can conclude that the pro-
posed brane model has a greater evidence than the ΛCDM
model and therefore one can conclude that we live in an
AdS space-time.
The remainder of the paper is organised as follows.
In section 2 we review the well known brane cosmology
and mention the restrictions of this approach. The next
1
ar
X
iv
:2
01
0.
03
39
1v
1 
 [g
r-q
c] 
 6 
Oc
t 2
02
0
section starts with the holographic renormalisation and
derives the Renormalised Brane World (RBW) equation.
Then section 4 discusses the cosmology on the AdS bound-
ary (conformal boundary). In section 5, the ability of the
RBW model to describe cosmological observations is in-
vestigated by analysing the deviations from the standard
model of cosmology. Finally, section 6 is devoted to con-
cluding remarks.
2. Cosmological evolution on the brane
Let G be the metric of the bulk space-timeM =Md×
(ybr,∞) with a boundary ∂M =Md×{ybr}. Using Gaus-
sian normal coordinates any asymptotically AdS metric
can be written in the form
ds2 = GAB dx
AdxB = γµν(x, y) dx
µdxν + dy2,
where the capital Latin letters are used for bulk indices
and the Greek alphabet for d space-time indices. The bulk
space-time can be seen as a family of foliated timelike hy-
persurfaces which are labeled by their coordinate y. Es-
pecially, the cosmological evolution on the brane can be
described by the metric of Robertson and Walker
ds2 = −n2(t, y)dt2 + a2(t, y)dΩ23 + dy2, (1)
where the line element is given by
dΩ23 =
dr2
1− kr2 + r
2
(
dθ2 + sin2(θ)dφ2
)
,
and k is referred as the intrinsic curvature parameter.
Now, Einstein’s field equation leads to the modified Fried-
mann equation (cf. Maartens and Koyama (2010); Bine´truy
et al. (2000); Brax et al. (2004))
− 1
3
Λ5 +
k
a2
+
(
a˙
an
)2
=
(
κ25ρ˜
6
)2
+
µ
a4
−Λ5
6
, κ25 = 8piG5,
(2)
where Λ5 < 0 is the cosmological constant, G5 is the 5-
dimensional gravitational coupling constant and µ is a free
parameter of the dark radiation term µa4 . Usually, it is as-
sumed that the hypersurface at ybr = 0 forms our universe
with n(t, 0) = 1.
Moreover, ρ˜ denotes the density of the energy-momentum
tensor T˜µν
T˜µν = − 2
κ25
(Kµν −Kγµν) , K = Kµνγµν , (3)
which is defined by Israel’s junction condition (see Israel
(1966)). The extrinsic curvature is given byKµν =
1
2Lnγµν ,
where Ln is the Lie derivative w.r.t. the inward-pointing
unit normal vector nµ. The left hand side of (2) consists
of the terms that occur in the usual Friedmann equation,
whereas the right hand side includes the terms that are
caused by the brane context. Especially the quadratical
energy density is initially incompatible to the standard
model of cosmology and requires a decomposition of the
form
ρ˜ = ρΛ + ρ, G4 =
κ45
48pi
ρΛ, Λ4 =
κ45
12
ρ2Λ +
Λ5
2
.
Hence, it follows that(
κ25ρ˜
6
)2
+
Λ5
6
=
8piG4
3
ρ+
(
κ25
6
)2
ρ2 +
Λ4
3
,
where ρΛ is the tension of the brane. Therefore, the stan-
dard model of cosmology is obtained for µ = 0 and if the
low energy case ρ  96piG4/κ45 is considered. However,
in order to keep the observational quality of the ΛCDM
model, the high energy range ρ  96piG4/κ45 must take
place before nucleosynthesis. For this purpose it is nec-
essary to use the fine tuning condition Λ4 = 0 of the
Randall-Sundrum model and require that ρ includes the
matter, the radiation and the dark energy densities of the
universe (cf. Brax et al. (2004); Cline et al. (1999); Ab-
dusattar and Iminniyaz (2016)). In that case and using the
settings k = µ = 0, the Hubble expansion rate H = a˙/a
yields
H2 = H2ΛCDM
(
1 +
κ45
96piG4
ρ
)
,
where HΛCDM denotes the corresponding Hubble rate of
the ΛCDM model. According to Verde et al. (2019), the
increased Hubble rate and the fact that the deviations from
the ΛCDM model concerns only the earliest epochs pre-
pares the brane cosmology as a candidate to overcome the
tensions between the early and late universe. This seems
to be confirmed by the Planck Data from 2015, since the
best fit values of the Hubble constant do not generate a
tension between the early and late universe (see Garc´ıa-
Aspeitia et al. (2018)).
One way to derive the modified Friedmann equation
(2) is to start with five dimensional Schwarzschild-AdS
coordinates and identify the fifth dimension with the scale
factor a(t). In other words, the brane is allowed to move
in the bulk along the fifth dimension (cf. Maartens and
Koyama (2010); Bilic´ (2016)). Besides the fine tuning,
a second problem of equation (2) becomes visible at this
point. Typically T˜µν and therefore ρ˜ diverges if the brane
is moved to the conformal boundary (cf. Balasubramanian
and Kraus (1999); de Haro et al. (2001)).
Further research of the brane world model (2) was done
in the framework of the AdS/CFT correspondence, where
a conformal field theory is defined on the AdS boundary,
(cf. Apostolopoulos et al. (2009); Bilic´ (2016)). How-
ever, these studies derive a common holographic Fried-
mann equation which is still based on the Randall-Sundrum
action and can recover the standard cosmology only in an
unnatural or fine tuned setting.
The aim of the next section is to remove the quadratic
energy density of equation (2) with an application of the
renormalisation and derive a brane cosmology without fine
tuning.
2
3. Renormalised brane cosmology
Since T˜µν diverges as the hypersurface approaches the
conformal boundary, the energy-momentum is renormalised
by adding finite terms to T˜µν . This can be done without
disturbing the bulk equations by adding boundary terms
to the action. In particular for d = 4 this renormalised
action (cf. de Haro et al. (2001)) can be written as
S = Sgr + Sct (4)
where
Sgr =
1
2κ25
∫
M
(
(5)R− 2Λ5
)√−Gd5x
− 1
κ25
∫
∂M
K
√−γ d4x+ Sm,
Sm =
∫
∂M
Lmatter
√−γ d4x.
(5)
is the usual Einstein-Hilbert action including the Lagrangian
brane density Lmatter and
Sct =
l
2κ25
∫
∂M
(
− 6
l2
− R
2
)√−γ d4x,
+
l3
2κ25
∫
∂M
log
(
r2br
)(R2
24
− RµνR
µν
8
)√−γ d4x, (6)
cancel the divergent terms in Sgr.Notice, that the last term
of Sct makes explicit reference to the cut-off rbr = le
ybr/l.
The sign convention are defined by the Riemann
R βµνα = −
(
∂µΓ
β
να + Γ
β
µγ Γ
γ
να − µ↔ ν
)
,
and the Ricci tensor Rµν = R
α
µαν , R = R
µ
µ.
Renormalising the action S provides the following vari-
ation
δS =
1
2κ25
∫
M
(5)piABδG
AB
√−Gd5x
+
1
2κ25
∫
∂M
piµνδγ
µν√−γ d4x = 0,
(7)
where
(5)piAB =
(5)EAB + Λ5GAB ,
piµν =
l
2
(
Eµν − 6
l2
γµν − 4l2e2y/l log
(
l2e2y/l
)
h(4)µν
)
− κ25
(
T˜µν [γ]
2
+ Tµν [γ]
)
.
(8)
Here, (5)EAB =
(5)RAB − 12GAB(5)R and Eµν = Rµν −
1
2Rγµν are the Einstein tensors and the energy-momentum
tensor Tµν is defined by
δSm = −1
2
∫
∂M
Tµνδγ
µν√−γ d4x, (9)
where
Tµν = − 2√−γ
δSm
δγµν
. (10)
If one applies Dirichlet boundary conditions δγµν = 0
equation (7) is satisfied by
(5)piAB = 0, in M. (11)
Taking the trace of (11), the cosmological constant Λ5 =
−6/l2 follows from the negative curvature of the AdS space-
time (5)R = −20/l2.
In this work, dynamical metrics γµν are considered.
Therefore, equation (7) is fulfilled by (11) and
piµν = 0, in ∂M, (12)
and determines the renormalised tensor
Tµν = −1
2
T˜µν +
1
κ24
(Eµν + Λ5γµν) , κ
2
4 =
2κ25
l
. (13)
Notice, that in the case of the metric (1) and equation
(11), it is demonstrated in the appendix that h(4)µν = 0.
The understanding of Tµν can be done in two ways. First,
through the variation of the action and using the boundary
condition on ∂M and second, with the AdS/CFT corre-
spondence as the expectation value of the energy-momen-
tum tensor of the CFT. Here, the variation of (4) and the
boundary condition δγµν 6= 0 leads to the identity (9),
which defines Tµν as the matter energy-momentum ten-
sor of the hypersurface. This interpretation as an energy-
momentum tensor for matter, whose diverging parts at the
boundary are substracted, has been already mentioned in
Brown and York (1993) and de Haro et al. (2001). In
Brown and York (1993), where the substraction is de-
fined by an embedding approach, the resulting energy-
momentum tensor “characterises the entire system includ-
ing contribution from both the gravitational field and mat-
ter fields”. Moreover, in de Haro et al. (2001) it is explic-
itly written that “Tµν has a dual meaning, both as the
expectation value of the dual stress-energy tensor and as
the quasi-local stress-energy tensor of Brown and York”.
Obviously, equation (13) can be written as Einstein’s
equation and therefore as Friedmann’s equation
− 1
3
Λ5 +
k
a2
+
(
a˙
an
)2
=
κ24
3
(
ρ+
1
2
ρ˜
)
, (14)
if the metric (1) is considered and if the energy density ρ
is related to Tµν . Replacing
κ25ρ˜
6 in equation (2) by using
the last equation implies(
a˙
an
)2
+
k
a2
=
κ24
3
ρ+
2
√
κ24ρ/3− µ/a4
l
,  = ±1, (15)
Notice, that the renormalisation mechanism has eliminated
the quadratical density term. However, another density
3
term has appeared under the square root. In the follow-
ing, it is demonstrated how this term fits into the stan-
dard cosmology. Using todays Hubble constant H0, to-
days scale factor a0 = a(t0, ybr), the setting x = a/a0 and
ρcrit = 3H
2
0/κ
2
4, equation (15) can be written as(
d
dτ x
)2
x2
− Ωk
x2
=
ρ
ρcrit
+ 2
√
−ΩΛ5
2
√
ρ
ρcrit
− Ωµ
x4
, (16)
or as(
d
dτ x
)2
x2
−Ωk
x2
=
ΩΛ5
2
+
Ωµ
x4
+
(√
ρ
ρcrit
− Ωµ
x4
+ 
√
−ΩΛ5
2
)2
,
(17)
where the additional variables are denoted by Ωk = −k/(H20a20),
ΩΛ5 = Λ5/(3H
2
0 ), Ωµ = µ/(H
2
0a
4
0) and τ = nH0t.
Because of the covariant energy conservation of T˜µν (cf.
Bine´truy et al. (2000)) and Bianchi’s identity, the energy
density can be represented as
ρ =
ρm,0
a3
+
ρr,0
a4
+
Λ4
κ24
,
where ρm,0 and ρr,0 are constants and Λ4/κ
2
4 denotes the
vacuum energy density. Therefore, the identity
ρ
ρcrit
=
Ωm
x3
+
Ωr
x4
+ ΩΛ4 (18)
with the obvious notations for Ωm, Ωr and ΩΛ4 follows.
Today, i.e. for t = t0, it holds that dx/dτ = 1 and
x = 1. Consequently, the identities
ΩΛ4 = 1− Ωk − ΩΛ5 − Ωm − Ωr
− 2
√
−ΩΛ5
2
√
1− Ωk − ΩΛ5
2
− Ωµ,
(19)
and
ΩΛ4 = −Ωm − Ωr + Ωµ
+
(√
−ΩΛ5
2
− 
√
1− Ωk − ΩΛ5
2
− Ωµ
)2
(20)
follows from (17) and (18). Now we introduce the notations
Ωh = Ωm(x
−3 − 1) + Ωr(x−4 − 1)− Ωµ(x−4 − 1), (21)
and
ΩΣ =
√
1− Ωk − ΩΛ5
2
− Ωµ − 
√
−ΩΛ5
2
. (22)
Then, the equation (16) and an application of the identities
(18), (19) and (20) lead to(
d
dτ x
)2
x2
= Ωk(x
−2 − 1) + Ωm(x−3 − 1) + Ωr(x−4 − 1)
+ 1 + 2
√
−ΩΛ5
2
(√
Ωh + Ω2Σ − ΩΣ
)
.
(23)
Moreover, it holds that(
d
dτ x
)2
x2
=
Ωk
x2
+
Ωm,eff
x3
+
Ωr,eff
x4
+ ΩΛ4,eff, (24)
where
Ωm,eff = Ωmη, Ωr,eff = Ωrη − Ωµ(η − 1),
ΩΛ4,eff = 1− Ωk − Ωm,eff − Ωr,eff,
and
η = 1 + 
2
√
−ΩΛ52
(√
Ωh + Ω2Σ − ΩΣ
)
Ωh
.
Notice, that (24) is equivalent to (16), but the former equa-
tion is available in the original form of the Friedmann equa-
tion. The difference arises from the variational coefficients
Ωm,eff = Ωm,eff(x) and Ωr,eff = Ωr,eff(x). Due to the fact,
that the universe, except the earliest period, can be de-
scribed very well with constant Ωm,eff and Ωr,eff (ΛCDM
model) the deviations from this description are investi-
gated in the following. Assuming that Ωµ is bounded from
above and that |Ωh|/Ω2Σ  1, which is always satisfied for
sufficiently late times and ΩΣ > 0. Then the first order
approximation of η gives
η ≈ η˜ = 1 + 
√
−ΩΛ52
ΩΣ
, (25)
which delivers constant values for Ωm,eff and Ωr,eff if ΩΣ →
∞. In that case, Ωm,eff and Ωr,eff can be identified with
the corresponding values Ωm,ΛCDM and Ωr,ΛCDM of the
ΛCDM model. Moreover, the definition of Ωr,eff and con-
straints from Big Bang Nucleoynthesis (cf. Sasankan et al.
(2017)) imply that |Ωµ(η − 1)|  1.
Then it is of interest to define
Ωm =
Ωm,ΛCDM
η˜
, Ωr =
Ωr,ΛCDM + Ωµ(η˜ − 1)
η˜
, (26)
and investigate for Ωk = 0 the case
 = −1, ΩΛ5 → −∞, |Ωµ|  1, (27)
which generates the desired limits
ΩΣ →∞, η → 1
2
, |Ωµ(η − 1)|  1.
Using (20) and (22) it follows that
ΩΛ4 = −Ωm − Ωr + Ωµ + Ω2Σ →∞. (28)
From the point of view of quantum field theory, this results
is of special interest because it predicts a large vacuum
energy density. Consequently, the coincidence problem,
i.e. Ωm and ΩΛ4 are of the same order of magnitude,
is avoided and the cosmological constant problem, if not
solved, is greatly reduced.
In section V the above results will be analysed with
more precise estimates. To do that, the proposed model
of the universe states as follows:
4
Renormalised Brane World (RBW). Taking into ac-
count the notations (18), (20), (21), (22), (25), the param-
eters (26) and  = −1. Then the evolution of the universe
can be described by equation (16).
4. Cosmology on the conformal boundary
As mentioned above, the renormalised Friedmann equa-
tion (15) is equivalent to the ΛCDM model if ΩΛ5 → −∞.
In this section, this limit is considered from a different
perspective. To do so, the gaussian normal coordinates
ds2 = γµν(x, y) dx
µdxν + dy2, γµν(x, y) = e
−2y/lg(x, y),
are transformed by r = ley/l to the coordinates of Feffer-
man and Graham
ds2 =
l2
r2
(
gµν(x, r) dx
µdxν + dr2
)
, (29)
where the conformal boundary is located at r = 0. Hence,
the investigated hypersurface ybr = 0 converges to the
conformal boundary of the AdS/CFT correspondence if
l → 0 or ΩΛ5 → −∞, respectively. Consequently, the
ΛCDM model is valid at the conformal boundary.
5. Describing the cosmological history
In order to assess the RBW model, the ability to de-
scribe cosmological observations is examined in this sec-
tion. Therefore, the deviations between the models RBW
and ΛCDM are considered. First, in the view of |Ωh|/Ω2Σ 
1, we state that the higher the redshifts z = x−1 − 1, the
larger is the difference between the RBW and the ΛCDM
model or, in other words, the larger ΩΣ, the further the
agreement between the RBW model and the ΛCDM model
goes back in time.
According to (28) and using the constraint |Ωµ(η −
1)|  1 one can conclude, the larger ΩΛ4 and therefore
the vacuum energy density, the better is the agreement
between the RBW model and the ΛCDM model!
It follows from the above arguments, that it is adequate
to measure the differences between both models only at
high redshifts. In order to do that, z  1 gives the ap-
proximation
H(z)2
HΛCDM (z)2
≈ η
η˜
− Ωµ
(
η
η˜
− 1
)
.
Using the second order approximation of η and 1−Ωµ 
−ΩΛ5/2, which is motivated by (27), it follows that
H(z)2
HΛCDM (z)2
≈ 1 + (1− Ωµ) Ωh
4Ω2Σ
.
Thus an arbitrarily large redshift range [0, z∗] can be given,
within both models represent all cosmological observations
equally well. Namely, let ζ = Ωh/Ω
2
Σ be a positive and
fixed value and using equation (21), ζ is connected with
the upper limit
z∗ ≈
(
2ζ|ΩΛ5 |
Ωr − Ωµ
)1/4
.
Notice that the constraint Ωr > Ωµ is compatibel with
|Ωµ(η − 1)|  1. For example, if Ωµ = 0 and the big
bang nucleosynthesis (BBN) should be represented with
the RBW model, then z∗ = 6 × 109 is chosen. The defi-
nition of the desired deviation, e.g. H(z)2/HΛCDM (z)
2 ≈
1.01, implies with Ωr,ΛCDM = 0.00005 that ΩΛ5 = −1.62×
1036. Using also H0 = 67.66 kms
−1Mpc−1, Ωm,ΛCDM =
0 1 2 3 4 5 6
z ×109
1.000
1.002
1.004
1.006
1.008
1.010
H
(z
)2
/H
ΛC
D
M
(z
)2
ΩΛ5 =−1.00e32
ΩΛ5 =−1.00e34
ΩΛ5 =−1.62e36
ΩΛ5 =−1.00e38
Figure 1: The deviations between the RBW and the ΛCDM models
for exemplary selected ΩΛ5 .
0.3111, Ωk = 0, Figure 1 validates the above analysis and
shows the characteristics of the deviations between the
RBW and the ΛCDM model for redshifts z < 6× 109.
Moreover, if the vacuum energy density is defined by
quantum field theory, that is ΩΛ4 ≈ 10121, then, because of
Ωk = 0 and 1− Ωµ  −ΩΛ5/2, we obtain ΩΛ5 ≈ −ΩΛ4/2
by using (20). A similar procedure as before provides z∗ ≈
8 × 1030. Thus, the solution of the cosmological constant
problem ensures that the models RBW and ΛCDM agree
in the redshift range [0, 8× 1030].
According to the AdS/CFT description, the cases ΩΛ5 =
−1.62 × 1036 and ΩΛ5 ≈ −10121 restrict the fifth dimen-
sion of the bulk space-time to rbr ≤ r < ∞ with rbr =
1.11× 10−18/H0 and rbr ≈ 10−61/H0, respectively.
6. Concluding remarks
In this paper, it has been demonstrated that the RBW
model, which equals the ΛCDM model on the conformal
boundary, is more evident than the original ΛCDM model.
This conclusion has been confirmed by the facts that the
observational quality of the ΛCDM model is preserved,
no fine tuning of the brane is necessary, the coincidence
problem is avoided and the cosmological constant problem,
if not solved, is greatly reduced.
5
Hence, there is a reasonable hope that if the RBW
model is confronted with the cosmic microwave background
data from the Planck measurements the tension between
the early and late universe can be reduced and that the
Planck data can determine the vacuum energy density
from quantum field theory.
Moreover, the above conclusions change the complete
picture of our universe and enables further applications of
the AdS/CFT correspondence in cosmology.
Appendix A. The vanishing of h(4)
In this appendix it is demonstrated that the tensor
h(4)µν vanishes if the metric (1) solves the five dimensional
Einstein equation. In order to do that, it is convenient to
use the coordinates of Fefferman and Graham (cf. section
4 and de Haro et al. (2001)), where h(4) is included in the
expansion of the metric
g(x, r) = g(0)(x) + r
2g(2) + r
4g(4)(x)
+ r4 log(r2)h(4)(x) +O(r6).
(A.1)
Using the notation
gµν dx
µdxν = −N2(t, r)dt2 +A2(t, r)dΩ23,
the functions N and A are given by
N =
A˙
A0
, A0(t) = A(t, 0), (A.2)
and
A2 = A20 −
A˙20 + k
2
r2 +
(
A˙20 + k
)2
+ 4µ/l2
16A20
r4, (A.3)
(see Apostolopoulos et al. (2009)), which directly leads
to h(4)ij = 0, i, j = 1, 2, 3. It remains to prove h(4)00 =
0. Applying the equations (A.2) and (A.3) and using the
setting H2k =
A˙20
A20
+ k
A20
it holds
N2 = 1 +
(
1
2
H2k −
A¨0
A0
)
r2
+
(1
4
H2k −
1
2
A¨0
A0
)2
− 3m
4l2A40
 r4 + · · · , (A.4)
and by the expansion (A.1) it follows that
h(4)00 log(r
2) =
g00
r4
− g(0)00
r4
− g(2)00
r2
− g(4)00 +O(r2).
(A.5)
Finally, the right hand side of (A.5) can be evaluated with
(A.4) and converges to zero if r → 0, which is only possible
if h(4)00 = 0.
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